In this paper we introduce the notion of an extensive 2-category, to be thought of as a "2-category of generalized spaces". We consider an extensive 2-category K equipped with a binary-product-preserving pseudofunctor C : K op → CAT, which we think of as specifying the "coverings" of our generalized spaces. We prove, in this context, a van Kampen theorem which generalizes and refines one of Brown and Janelidze. The local properties required in this theorem are stated in terms of morphisms of effective descent for the pseudofunctor C . We specialize the general van Kampen theorem to the 2-category Top S of toposes bounded over an elementary topos S , and to its full sub 2-category LTop S determined by the locally connected toposes, after showing both of these 2-categories to be extensive. We then consider three particular notions of coverings on toposes corresponding respectively to local homeomorphisms, covering projections, and unramified morphisms; in each case we deduce a suitable version of a van Kampen theorem in terms of coverings and, under further hypotheses, also one in terms of fundamental groupoids. An application is also given to knot groupoids and branched coverings. Along the way we are led to investigate locally constant objects in a topos bounded over an arbitrary base topos S and to establish some new facts about them.
Introduction
This paper arose out of a desire to interpret knot groups in the context of toposes (bounded over a given base topos S ) regarded as generalized topological spaces. The possibility of doing this over an arbitrary base topos S relies on the construction [8, 14] of the (coverings) fundamental groupoid topos Π c 1 (E ) of a locally connected topos E bounded over S .
Since a well-known device for calculating knot groups in topology is the van Kampen theorems [34, 29, 33, 6] , we decided to look for suitable analogues of the van Kampen theorems for toposes.
An abstract categorical framework for van Kampen theorems was given by Brown and Janelidze [7] using the notion of extensive category [18] , and expressed in terms of coverings. This led us to formulate and prove a 2-categorical version of the theorem of Brown and Janelidze. Our general van Kampen theorem involves an extensive 2-category K , thought of as a 2-category of generalized spaces, equipped with a binary-product-preserving pseudofunctor C : K op → CAT, thought of as specifying the coverings of these spaces.
To apply this theorem to toposes, we consider the 2-category Top S of toposes bounded over an elementary topos S , and the full sub-2-category LTop S of Top S consisting of the locally connected toposes and show these 2-categories to be extensive. This is of independent interest, as it shows that Top S and LTop S are indeed suitable domains for considering intensive and extensive quantities on toposes, as suggested by Lawvere [27, 28] . An intensive quantity on an extensive 2-category K is a pseudofunctor C : K op → CAT which preserves finite products.
We then consider three particular examples of intensive quantities on toposes corresponding respectively to local homeomorphisms, covering projections, and unramified morphisms; in each case we deduce a suitable version of a van Kampen theorem in terms of coverings and, under further hypotheses, also one in terms of fundamental groupoids. An application is also given to knot groupoids and branched coverings.
Along the way we are led to investigate locally constant objects in a topos bounded over an arbitrary base topos S and to establish some new facts about them.
The contents of this paper are as follows. In Section 1 we give some background on 2-categories, enough for us to deal, in Section 2, with a 2-categorical notion of extensivity and to prove several useful results about extensive 2-categories generalizing those of [18] .
Section 3 contains our general van Kampen theorem for an extensive 2-category K equipped with a binary-product-preserving pseudofunctor C : K op → CAT; it states that a pullback square in K satisfying certain conditions involving C -descent is mapped by C to a pullback in CAT.
In Section 4 we show that Top S and LTop S are extensive 2-categories; along the way we also show to be extensive the 2-category Top of elementary toposes, and the opposite of the 2-category Ext 1 of extensive categories with terminal object.
In Section 5 we interpret our general van Kampen theorem in three cases involving toposes. The first corresponds to taking local homeomorphisms as coverings; the second considers only those local homeomorphisms arising from locally constant objects; the third, which involves LTop S rather than Top S , uses "unramified morphisms" as coverings. All three satisfy suitable local conditions which result in corresponding van Kampen theorems in terms of coverings. We also show how to improve these theorems, at the cost of departing from the abstract 2-categorical framework.
In Section 6, we review some results concerning the fundamental groupoid topos of a locally connected topos E [8, 14] , in the special case where E is also locally simply connected. We then prove two van Kampen theorems for toposes: one states that a certain diagram is a pushout of toposes; the other that a certain diagram is a pushout of groupoids.
In Section 7 we discuss the connection between branched coverings and knot groupoids, and interpret a special case of our van Kampen theorem as a statement about knot groupoids.
Background on 2-categories
Our abstract van Kampen theorem will be proved in the context of a 2-category. We could just as well work with a bicategory, but in view of the coherence theorem that states that every bicategory is biequivalent to a 2-category, we would gain no greater generality by doing so. Nonetheless, the underlying philosophy is resolutely bicategorical: when we speak of limits or colimits, we always mean these in the bicategorical sense of [36] . Thus the coproduct of two objects A and B is an object A + B equipped with arrows i : A → A + B and j : B → A + B inducing equivalences
for all objects C, while an initial object is an object 0 for which the functors K(0, C) → 1 are equivalences. Moreover, when we say that a particular diagram commutes, we actually mean that it does so up to a specific isomorphism, even if we do not name the isomorphism or indicate it in the diagram.
Bicategorical limits and colimits are only determined up to equivalence, but in the 2-category Cat there is a canonical choice. For example the pullback of functors f : A → C and g : B → C may be taken to be the category A × C B whose objects are triples (a, b, γ) where a is an object of A and b an object of B, while γ is an isomorphism f a ∼ = gb in C. A morphism in A × C B from (a, b, γ) to (a ′ , b ′ , γ ′ ) consists of morphism α : a → a ′ and β : b → b ′ which are compatible in the obvious sense with γ and γ ′ .
More generally, a diagram
is an equivalence of categories for every object X. Any coproduct in the strict 2-categorical sense is also a coproduct in the bicategorical sense, and in fact such strict coproducts exist in most of the examples we consider, but we shall not make use of this fact. On the other hand, it is not the case that every pullback in the strict 2-categorical sense is a pullback in our bicategorical sense -although see [24] for certain special cases where it is -nor is it the case that such strict pullbacks exist in the examples of interest.
In the same way, when we speak of adjunctions and adjoints, we mean biadjunctions and biadjoints. On the other hand, we do retain the term biequivalence: this is a 2-functor or pseudofunctor
is an equivalence, and for each B ∈ L there is an A ∈ K and an equivalence F A ≃ B in L . (We say that F is locally fully faithful or locally essentially surjective if each F :
is fully faithful or essentially surjective; thus F is a biequivalence if and only if it is locally fully faithful, locally essentially surjective, and biessentially surjective.) We also, following [17] , use the word "pseudomonic" for what might, according to our general philosophy, be called "monic": we say that an arrow f :
is full on isomorphisms and faithful for every C. More concretely, this says that for any u, v : C → A and any β : f u → f v there is at most one α : u → v with f α = β, and further that there is such an α if β is invertible (it follows that α is also invertible). Equivalently, f is pseudomonic if and only if A (with the suitable identity maps) is the pullback of f along itself. The pseudomonic arrows are easily seen to be stable under pullback.
Once again, for a 2-category K and an object A of K , when we write K /A we mean the slice 2-category "in the bicategorical sense". Thus while an object of K /A is a morphism x : X → A of K , a morphism in K /A from x : X → A to y : Y → A is a morphism f : X → Y equipped with an invertible 2-cell ϕ : x ∼ = yf in K . (Some authors write K //A for what we are calling K /A.)
The construction K /A is suitably functorial both in K and in A. Thus if F : K → L is a pseudofunctor, there is an induced pseudofunctor F A : K /A → L /F A which is a 2-functor if F is one; while if f : A → B is a morphism in K , then there is an induced 2-functor f ! : K /A → K /B given by composition with f . Proposition 1.1 To give a right adjoint to f ! is just to give pullbacks along f .
A corollary of the functoriality of K /A in K is:
We shall also use:
is an equivalence if and only if f is an equivalence in K .
An arrow f : A → B in a 2-category K will be called fully faithful if it is representably so: that is, if
is fully faithful for every object X.
Extensive 2-categories
If K is a 2-category with finite coproducts, then we have a pseudofunctor F : K ×K → K given by coproduct; if A and B are objects of K , we may then form F (A,B) : (K ×K )/(A, B) → K /(A+B), which for convenience we write simply as Φ :
A 2-category with finite coproducts is extensive if Φ :
is a biequivalence for all objects A and B.
Lemma 2.1 If K has finite coproducts and a terminal object, then K is extensive if and only if Φ is a biequivalence for A = B = 1.
Proof: Apply Proposition 1.2 and observe that the natural map (K /1)/A → K /A is a biequivalence.
Proof: This follows easily from the fact that (K /X)/A ≃ K /A.
We shall discuss various examples of extensive 2-categories in the following section, but in the meantime observe that any category C can be viewed as a 2-category DC with no non-identity 2-cells, and that DC is an extensive 2-category if and only if C is an extensive category. Theorem 2.3 A 2-category K with finite coproducts is extensive if and only the following conditions hold:
(a) K has pullbacks along coproduct injections;
in which i and j are the coproduct injections, the squares are pullbacks if and only if the top row is a coproduct.
Note that to say in condition (b) that the top row is a coproduct is equivalently to say that the induced map (s t) : X + Y → C is an equivalence.
Proof:
The projection π 1 :
-that is, composition with i -and so π 1 Ψ must be given by pullback along i. The case of j and π 2 Ψ is similar, and we deduce that a right adjoint Ψ to Φ must be given by pullback along i and j. On the other hand, if K does have pullbacks along i and j, then these do define a right adjoint Ψ to Φ. Suppose now that these pullbacks do exist. To say that the counit ΦΨ → 1 is an equivalence is just to say that each (s t) : X + Y → C arising as in the theorem is one. To say that the unit 1 → ΨΦ is an equivalence is to say that if in the diagram in (b) above the top row is a coproduct, then the squares are pullbacks.
The basic facts about extensive categories all have analogues in the 2-categorical context. In a 2-category K , we say that an initial object 0 is strict if any arrow f : A → 0 is an equivalence. If K has finite coproducts, we say that these are disjoint if the pullback of coproduct injections i : A → A + B and j : B → A + B is initial.
Proposition 2.4
In an extensive 2-category K , coproducts are disjoint and coproduct injections are fully faithful.
the top row is a coproduct and so the squares are pullbacks; the case of the left square gives disjointness of coproducts, and the case of the right square gives fully faithfulness of the coproduct injections.
Proposition 2.5
In an extensive 2-category K , the initial object is strict.
Proof: Given such an f : A → 0, we have the diagram
in which the squares are pullbacks and so the top row is a coproduct. This implies that any two maps g 1 , g 2 : A → B must be isomorphic. Thus if g : 0 → A denotes the (essentially) unique map then gf ∼ = 1, but f g ∼ = 1 since 0 is initial, and so f is an equivalence as claimed. Theorem 2.6 A 2-category K with finite coproducts is extensive if and only if these coproducts are stable and disjoint; that is, if and only if it has pullbacks along injections, coproducts are stable under such pullbacks, and the pullback of i : A → A + B along j : B → A + B is initial.
Proof: It remains only to show that if K has finite coproducts and pullbacks along injections, and the coproducts are stable and disjoint, then in the diagram
both squares are pullbacks; by symmetry it clearly suffices to prove that the left square is one. Since i and k are fully faithful, this amounts to the claim that for any w : Z → A and f : Z → X + Y with iw ∼ = (u + v)f , there is a g : Z → X with kg ∼ = f . To see this, decompose Z as a coproduct Z 1 + Z 2 as in
Now iwz 2 ∼ = jvf 2 , and so by Proposition 2.5, Z 2 must be initial, and z 1 : Z 1 → Z must be an equivalence. Now f 1 : Z 1 → X and the unique map ! :
A basic example is the 2-category Cat of categories, functors, and natural transformations. It is complete and cocomplete, both as a 2-category and as a bicategory. Moreover, if one forms the 2-pullback of a map f : C → A + B along the injection i : A → A + B, this is also a (bi)pullback. The extensivity of Cat as a 2-category now follows easily from the extensivity of its underlying category Cat 0 . Similarly, the full sub-2-category Gpd of Cat consisting of the groupoids is extensive. Further examples will be considered in Section 4.
A 2-categorical van Kampen theorem
In this section we formulate and prove a 2-dimensional version of the "van Kampen theorem" of Brown and Janelidze [7] . First we briefly review the basic ideas of descent theory in the context of K -indexed categories for a 2-category K ; see [16] for a more complete account.
Let K be a 2-category with pullbacks (by which, as usual, we mean bipullbacks) and let A be a K -indexed category; that is, a pseudofunctor A : K op → CAT, where CAT denotes the 2-category of locally small (but possibly large) categories.
Let J be the category generated by arrows
subject to relations di = ci = 1, dp = dm, dq = cp, cm = cq; it is a subcategory of the opposite of the simplicial category. For any morphism α : Y → X in K , there is an induced pseudofunctor N α : J → K (the "kernel" of α) whose image we denote by
where, for example, Y × X Y denotes the pullback of α along itself.
There is a category Des A (α), an object of which consists of an object y of A (Y ) equipped with an isomorphism η : A (d)y ∼ = A (c)y satisfying the cocycle and normalization conditions which assert the commutativity of the diagrams
in which the unnamed maps are pseudofunctoriality isomorphisms for A or N α . A morphism in Des A (α) from (y, η) to (z, ζ) is a morphism f : y → z in A (Y ) compatible in the obvious sense with η and ζ.
Remark 3.1 Up to equivalence, Des A (α) can be regarded as the category of pseudonatural transformations from ∆1 : J op → CAT to A N α . Thus Des A (α) can be constructed as a certain bicategorical limit in CAT called a descent object; see [37] for details.
, and it sends a morphism f : x → w to A (α)f : A (α)x → A (α)w. Occasionally we write K A α for K α when we wish to emphasize the role of the pseudofunctor A .
The morphism α : Y → X is said to be effective for A -descent if the induced functor K α : A (X) → Des A (α) is an equivalence of categories.
Remark 3.2 Any category can be considered as a 2-category with no non-identity 2-cells; and if the category has pullbacks, then these become bipullbacks when the category is considered as a 2-category. If C is such a category, and F is a class of morphisms in C which is closed under pullbacks, then there is a pseudofunctor F * : C op → CAT which sends an object A of C to the full subcategory F (A) of the slice category C /A consisting of those maps which lie in F ; the action of F * on morphisms is given by pullback. A morphism α in C is effective for F * -descent in our sense if and only if it is an effective F -descent morphism in the sense of [7] .
We shall also need to look at how effectiveness for A -descent depends on the indexed category A . Suppose then that A and C are pseudofunctors from K op to CAT, and that H : C → A is a pseudonatural transformation whose components HX : C (X) → A (X) are fully faithful. If α : Y → X is a morphism in K , say that H is α-cartesian if the pseudonaturality square
is a pullback in K ; we shall see in Section 5 that this amounts to the assertion that "C is of local character in A with respect to α".
Proof: In the diagram
the exterior rectangle is a pullback since H is α-cartesian, and K A α is an equivalence since α is effective for A -descent; thus if the right square is a pullback, then the left square will be one, and so K C α will be an equivalence; that is, α will be effective for C -descent. The fact that the right square is a pullback can be verified by direct calculation; alternatively, it can be seen from the description of Des A (α) and Des C (α) as bicategorical limits in CAT, as mentioned in Remark 3.1.
Given a diagram
we may apply the pseudofunctor A to the diagram and obtain a functor
where the codomain denotes the pullback in Cat of A (g 1 ) and A (g 2 ); explicitly, an object of
We say that A satisfies the van Kampen theorem for the diagram ( * ) if the functor K g 1 ,g 2 is an equivalence of categories.
Our first new result in this section is in fact just an adaptation of [7, Lemma 3 .1] to our more general context. Note however that a hypothesis is missing from the statement of [7, Lemma 3.1] : the class F needs to be closed under binary coproducts; this corresponds to our assumption that A preserves binary products.
Lemma 3.4 Suppose now that K is an extensive 2-category with pullbacks, and that in the diagram ( * ) the arrows g 1 and g 2 are pseudomonic. Write α : X 1 + X 2 → X for the morphism induced by g 1 and g 2 . If A : K op → CAT preserves binary products, then there is an equivalence of categories Φ :
Proof: By assumption, the canonical map Ψ :
is an equivalence; we write (y 1 , y 2 ) for the image under Ψ of y ∈ A (
In light of the equivalence Ψ, to give a map η : A (d)y → A (c)y is just to give maps η 11 :
The normalization condition says that η 11 and η 22 are identities, and the cocycle condition then amounts to the condition that η 12 be inverse to η 21 ; so to give a normalized cocycle is just to give an isomorphism A (f 1 )y 1 ∼ = A (f 2 )y 2 . The details are left to the reader.
An immediate consequence is:
Theorem 3.5 Under the hypotheses of the lemma, A satisfies the van Kampen theorem for ( * ) if and only if α is effective for A -descent.
Extensive 2-categories of toposes
Our goal in this section is to prove that the 2-category Top S of toposes bounded over a base topos S is extensive, and also that the full sub-2-category LTop S of Top S consisting of the locally connected toposes is so.
To this end, consider the 2-category Ext 1 of extensive categories with terminal object, functors preserving finite coproducts and terminal object, and natural transformations. This has finite products formed in Cat, and so Ext op 1 has finite coproducts. We shall show that
is a biequivalence and so that Ext
Now C/f (1, 0) and C/f (0, 1) certainly have terminal objects, and they are extensive since C is so. There are functors
which preserve finite coproducts and terminal object, and so lie in Ext
, and so Φ is biessentially surjective on objects. Suppose now that u : A → X and u ′ : A → X ′ are objects of A/Ext 1 , and v : B → Y and
, where (f x, 0) = h(x, 0) and (0, gy) = h(0, y). These give functors f : X → X ′ and g : Y → Y ′ which clearly preserve finite coproducts. On the other hand,
and so f preserves the terminal object; and similarly, so does g. Moreover there are evident isomorphisms ϕ : f u ∼ = u ′ and ψ : gv ∼ = v ′ and γ : h ∼ = f × g, and γ now gives an isomorphism
. This proves that Φ is locally essentially surjective. It remains to show that Φ is locally fully faithful. Suppose then that 1-cells
, and so this is essentially just a map α x : f 1 x → f 2 x in X ′ . These α x are the components of a natural transformation α :
Similarly, the components of γ at objects (0, y) give the components of a natural transformation β : g 1 → g 2 , and now γ = α × β. This now completes the proof of: (a) We have just seen that the extensive categories (with terminal object) form a 2-category whose opposite is extensive. The following analogous fact was proved in [26] : the distributive categories (in the sense of [18] ) form a 2-category Dist whose opposite is distributive (in a suitable 2-categorical sense).
(b) On the other hand, if Ext denotes the 2-category of extensive categories, then Ext op is not extensive: the terminal category 1 is both initial and terminal in Ext, and so Ext op cannot be extensive, by Proposition 2.5.
(c) If Ext pr denotes the full sub-2-category of Dist consisting of the extensive categories with finite products, then Ext pr is extensive, by an easy extension of Proposition 4.1.
We now consider the 2-category Top of elementary toposes and geometric morphisms. This has finite coproducts, formed as products in Cat.
Proposition 4.3 Top is extensive.
Proof: We must show that Φ : Top/A×Top/B → Top/(A×B) is a biequivalence. For biessential surjectivity, let f : C → A × B be given. The inverse image f * : A × B → C is an arrow in Ext 1 , and so by Proposition 4.1, there are maps g 1 : A → C 1 and g 2 : B → C 2 in Ext 1 with f * equivalent to g 1 × g 2 . Now C 1 = C/f * (1, 0), which is a topos; and g 1 can be constructed as the composite
where i : A → A × B is the map sending a to (a, 0), and p is the map sending c to the projection c × f * (1, 0) → f * (1, 0). Now i, f * and p are all left adjoints which preserve finite connected limits, and so the same is true of g 1 ; but g 1 preserves the terminal object since it is in Ext 1 . It follows that g 1 is the inverse image f * 1 of a geometric morphism f 1 : C 1 → A. Similarly C 2 is a topos, and g 2 is the inverse image of a geometric morphism f 2 : C 2 → B. This proves biessential surjectivity.
For local essential surjectivity, it suffices to show that if
are maps in A/Ext 1 and B/Ext 1 in which A, B, X, X ′ , Y , and Y ′ are toposes; and u, u ′ , v, v ′ , and f × g are inverse images of geometric morphisms; then f and g are also inverse images of geometric morphisms. Once again, f may be formed as a composite Proof: Once again, it suffices to observe that LTop S is closed in Top S (and so in Top/S ) under finite coproducts and coproduct summands.
The van Kampen theorems for toposes
In this section we shall adapt to the extensive 2-categories of toposes discussed in the previous section the van Kampen theorem obtained in the general context of an extensive 2-category. We shall consider three notions of coverings of toposes: local homeomorphisms, covering projections, and unramified morphisms.
As a first approach we shall apply Theorem 3.5 in the case where K is the extensive 2-category Top S of toposes bounded over an arbitrary elementary topos S . We saw in Section 4 that it is extensive; it has pullbacks by [23, Corollary 4.48] .
We denote by A : Top op S → CAT the pseudofunctor sending a bounded S -topos e : E → S to its underlying category E , and a geometric morphism α : F → E over S to its inverse image functor α * : E → F . The fact that A preserves binary products, amounts to the fact that coproducts in Top S are formed as products in CAT; see [31, Section 2.2], for example. Thus the hypotheses of Theorem 3.5 are satisfied; to apply it, we should observe, as for example in [9] , that a morphism is effective for A -descent if and only if it is an effective descent morphism of toposes in the sense of [25] . Thus every open surjection is so, by [25] , and in particular every surjective local homeomorphism and every locally connected surjection; other examples are considered in [32] .
Recall from Section 1 that an arrow in a 2-category is pseudomonic if, representably, it is full on isomorphisms and faithful. Thus a morphism ϕ : F → E of S -toposes will certainly be pseudomonic if its direct image ϕ * : F → E is so, and so in particular if ϕ is an inclusion, so that ϕ * is fully faithful. We do not know of a pseudomonic arrow in Top S which is not an inclusion.
be a pullback diagram in Top S in which α 1 and α 2 are pseudomonic, and the induced map α : E 1 + E 2 → E is an effective descent morphism of toposes. Then
is a pullback in CAT, and the original square is a pushout in Top S . In particular, this is the case if α 1 and α 2 are inclusions and α is an open surjection.
Proof: The purported pullback in CAT is one by Theorem 3.5, and the original square is then a pushout in Top S since these are formed as pullbacks of the corresponding inverse image functors [31] .
We now seek to define the pseudofunctor C which is relevant to the (coverings form) of the van Kampen theorem in topology. Before defining C , we must first discuss locally constant objects in a bounded S -topos E . The definition we use is not that of [2] , but the two definitions agree in the case where E is connected and locally connected and S is the category of sets, as we show in the following section. It is equivalent, in the case where S is the category of sets, to the notion of locally constant sheaf defined in [1, Exposé 9] .
Let e : E → S be a bounded geometric morphism. We say that an object A of E is trivialized by an object U , or U -split, if there is a morphism α : S → I in S , a morphism η : U → e * I in E , and an isomorphism θ : e * S × e * I U → A × U over U . If moreover U has global support, in the sense that the unique map U → 1 is an epimorphism, then A is said to be locally constant.
It is clear that if ϕ : F → E is a geometric morphism over S , then its inverse image ϕ * : E → F sends locally constant objects to locally constant objects; thus A restricts to a pseudofunctor C : Top op S → CAT sending e : E → S to the full subcategory E lc of E consisting of the locally constant objects.
Lemma 5.2 C preserves binary products.
Proof: Let e : E → S and f : F → S be bounded S -toposes with coproduct g : E +F → S . As a category, E + F is just the product of E and F , and so an object of E + F is a pair (A, B) , where A ∈ E and B ∈ F . We are to prove that (A, B) is locally constant if and only if A and B are so. The only if part being immediate from the pseudofunctoriality of C , let A and B be locally constant. Suppose that U trivializes A via α : S → I, η : U → e * I, and θ : e * S × e * I U → A × U ; and that V trivializes B via β : T → J, ζ : V → f * J, and ϕ : f * T × f * J V → B×V . Then we have α+β : S+T → I +J in S ; and the maps U → e * I → e * (I +J) and V → f * J → f * (I +J) arising from η, ζ, and the coproduct injections induce a map η, ζ : (U, V ) → g * (I + J). Since e * and f * preserves sums and pullbacks, and E and F are extensive, g * (S + T ) × g * (I+J) (U, V ) is just (e * S × e * I U, f * T × f * J V ), and so we obtain an isomorphism (θ, ϕ) :
This proves that (U, V ) trivializes (A, B) ; of course the map (U, V ) → (1, 1) is epimorphic if the maps U → 1 and V → 1 are so.
Thus once again the hypotheses of Theorem 3.5 are satisfied. In order to use it, we need to have a supply of morphisms which are effective for C -descent. Recall that a morphism ϕ : F → E of Stoposes is said to be locally connected if the inverse image ϕ * : E → F has not just a (necessarily E -indexed) right adjoint ϕ * , but also an E -indexed left adjoint ϕ ! : F → E . (This notion was introduced by Barr and Paré [3] under the name E -essential morphism.) Of course ϕ is surjective if ϕ * is faithful; and ϕ * then also reflects isomorphisms.
A locally connected surjection ϕ : F → E is in particular an open surjection, so is effective for A -descent by [25] . Alternatively, one can resort to the following argument. If ϕ is locally connected then ϕ * : E → F has both adjoints; if ϕ is surjective then ϕ * reflects isomorphisms; it follows that E has all coequalizers, and ϕ * preserves and reflects them, so that ϕ * is monadic by Beck's theorem. Now A satisfies the Beck-Chevalley condition for ϕ, and so ϕ is effective for A -descent by a theorem of Bénabou-Roubaud [4] and Beck. This is essentially the argument used in [32] to prove that S -essential surjections are effective descent morphisms and in [9] to prove that connected locally connected morphisms are effective descent morphisms.
Lemma 5.3 If ϕ :
F → E is a locally connected geometric morphism, U is an object of F , and A an object of E , then U splits ϕ * A if and only if ϕ ! U splits A.
Proof: Write e : E → S and f = eϕ : F → S for the structure maps of E and F .
To say that ϕ * A is split by U is to say that there exist morphisms α : S → I in S and η : U → ϕ * e * I in F , and an isomorphism θ : ϕ * e * S × ϕ * e * I U → ϕ * A × U over U . But to give θ is equivalently to give a pullback diagram
in F . Local connectedness of ϕ now implies [3] that
/ / e * I is a pullback in E , where ζ ′ and η ′ correspond under the adjunction ϕ ! ⊣ ϕ * to ζ and η. Local connectedness of ϕ also implies that ϕ ! ⊣ ϕ * satisfies the Frobenius condition, so that the canonical
/ / e * I in E , and so proving that A is split by ϕ ! U . If conversely A is split by ϕ ! U then we have a pullback in E as in the last diagram, and applying ϕ * gives a pullback in F , and now composing the latter with the pullback
shows that ϕ * A is split by U .
Lemma 5.4 If ϕ :
F → E is a surjective locally connected geometric morphism and A is an object of E for which ϕ * A is locally constant in F , then A is itself locally constant. Such a ϕ is therefore effective for C -descent.
Proof: Let H : C → A be the pseudonatural transformation whose component at a bounded S -topos E is the fully faithful inclusion E lc → E . Since locally connected surjections are effective for A -descent, the second sentence will follow from the first by Lemma 3.3. For the first, if ϕ * A is locally constant, then it is split by some object U of global support, so A is split by ϕ ! U by Lemma 5.3, and it remains only to show that ϕ ! U is of global support.
Since the unique map U → 1 is an epimorphism, and the left adjoint ϕ ! preserves epimorphisms, it will suffice to show that ϕ ! 1 has global support. But ϕ * is faithful since ϕ is surjective, so the counit of the adjunction ϕ ! ⊣ ϕ * has epimorphic components, and in particular ϕ ! 1 = ϕ ! ϕ * 1 → 1 is epimorphic.
A blunt application of Theorem 3.5 now gives the following preliminary result.
be a pullback diagram in Top S in which α 1 and α 2 are pseudomonic, and the induced map α :
is a pullback in CAT.
Proof: By Theorem 3.5 and Lemma 5.2 it will suffice to show that α is effective for C -descent; but this is indeed the case by Lemma 5.4 since α was assumed to be a locally connected surjection.
In fact this theorem is less general than it might seem; if α : E 1 + E 2 → E is to be locally connected, then so must α 1 and α 2 be, and using the fact that they are also pseudomonic, one can prove that they are open subtoposes of E . Of course not every pushout in Top S is also a pullback, and we can obtain a stronger theorem by considering a pushout in Top S , with no assumption that the arrows are pseudomonic:
be a pushout diagram in Top S in which the induced map α :
Proof: The proof involves essentially the same steps as in the previous theorem. We must show that an object X of E is locally constant if α * 1 (X) and α * 2 (X) are so. But then α * (X) = (α * 1 (X), α * 2 (X)) is locally constant in E 1 + E 2 by Lemma 5.2, and so X is locally constant in E by Lemma 5.4.
Our third example, which will be discussed in more detail in [10] , involves the notion of unramified morphism, which in topos theory has been dealt with in [12, 21] . One can argue that this example historically preceded that of C (E ) = E lc in the theory of Riemann surfaces [35] , and that only on account of the desired connection with the fundamental group were additional assumptions made on the spaces, assumptions which in practice had the effect of reducing the maps to just the covering projections.
Explicitly, recall [12, 21] that an object A of a locally connected S -topos E is called a complete spread object if the corresponding local homeomorphism E /A → E is a complete spread. Since such local homeomorphisms are precisely the unramified maps among the complete spreads, the full subcategory of E consisting of the complete spread objects is denoted U (E ).
The fact that U extends to a pseudofunctor U : LTop op S → CAT follows from the fact [21] that unramified maps are stable under pullback along geometric morphisms with locally connected domain. The fact that U preserves binary products follows from the characterization of complete spreads given in [12, Proposition 7.5] . Finally, the analogue to Lemma 5.4 is the fact for an Sessential surjection ϕ : F → E an object A of E is a complete spread object if ϕ * (A) is one; this follows from the analogous property for complete spreads given in [12] .
We now obtain:
be a pushout diagram in LTop S in which the induced map α :
As shown in [12] , there is an inclusion of C (E ) in U (E ) for any locally connected topos E ; this inclusion is in general proper [21] , although in the locally path simply connected case (in the sense of [14] ) the categories C (E ) and U (E ) are equivalent; see [12] for the argument in the presheaf case). This example will be discussed in more detail in [10] .
The van Kampen theorem in terms of fundamental groupoids
We consider as in the previous section a bounded S -topos E , but we now suppose E to be locally connected, meaning that e : E → S is locally connected in the sense of the previous section. In this locally connected case a reformulation of the definition of U -split object is possible, which shows that the locally constant objects are precisely the coverings in the sense of Janelidze [22] for the adjunction e ! ⊣ e * .
Lemma 6.1 If e : E → S is locally connected and A and U are objects of E , the following are equivalent:
(ii) there exist a morphism α : S → e ! U in S and a pullback
/ / e * e ! U (iii) the square
/ / e * e ! U is a pullback.
In (ii) and (iii) we are using η to denote the relevant component of the unit of the adjunction e ! ⊣ e * .
Proof:
The implications (iii) ⇒ (ii) ⇒ (i) are trivial. As for (i) ⇒ (iii), suppose that A is U -split via β : S → I, ζ : U → e * I and ϕ : e * S × e * I U → A × U . Then there is a pullback
in E , and so by local connectedness a pullback
in S , where ρ ′ and ζ ′ correspond under the adjunction e ! ⊣ e * to ρ and ζ. Now in
/ / e * I the composite rectangle is the pullback ( †), while the lower square is obtained from the pullback ( † †) by applying the right adjoint e * ; it follows that the top square is a pullback, as required.
If S is the category of sets, and E is a connected and locally connected S -topos, then the results of [2] now show that our definition of locally constant object is equivalent to that employed in [2] . We do not make these further assumptions, but allow S to be arbitrary, and E to be any locally connected S -topos.
For a fixed object U in E , the category of all U -split objects is in fact a topos, as the following argument from [8] shows. Let ϕ U : E /U → E be the canonical local homeomorphism, and form the (essentially unique) factorization of e ϕ U : E /U → S as a connected and locally connected morphism ρ U : E /U → S /e ! U followed by a surjective local homeomorphism S /e ! U → S . Explicitly, ρ U is the geometric morphism whose inverse image ρ * U : S /e ! U → E /U sends an object J → e ! U of S /e ! U to the pullback of e * J → e * e ! U along the unit U → e * e ! U of the adjunction e ! ⊣ e * . Then the topos G U appearing in the pushout
is (equivalent to) the category of U -split objects of E . For a general locally connected topos E , one can now define, as in [8] , the fundamental groupoid topos Π c 1 (E ) of E as the limit over all objects U of global support of the toposes G U . The topos Π c 1 (E ) is atomic, and the geometric morphism σ : E → Π c 1 (E ) induced by the σ U is connected and locally connected. In fact we shall make the further assumption that the toposes are locally simply connected, and in this case the definition becomes even simpler. Recall that E is locally simply connected if there is a single object U of global support which trivializes all the locally constant objects. Then the fundamental groupoid topos Π c 1 (E ) is precisely G U , which in turn is equivalent to the category E lc of locally constant objects.
The following easy lemma will be useful:
2 If E is locally connected and U is an object of global support which splits every locally constant object, then the same is true of σ * σ ! U .
Proof: If X is a locally constant object in E , then it has the form σ * A for A ∈ G U . Thus U splits σ * A, so σ ! U splits A by Lemma 5.3, and so σ * σ ! U splits σ * A. This proves that σ * σ ! U splits every locally constant object. Now σ * σ ! preserves epimorphisms, since it is a left adjoint; and preserves the terminal object, since σ is connected, thus σ * σ ! U has global support since U does so.
We may now reformulate Theorem 5.6 in terms of fundamental groupoid toposes:
be a pushout diagram in Top S in which the induced morphism α : E 1 +E 2 → E is a locally connected surjection. If E is locally connected, so that E 0 , E 1 , and E 2 are so, and if all four toposes are locally simply connected, then the diagram
O O is a pushout in Top S .
Proof: First observe that if α is locally connected then α 1 and α 2 are so; thus the local connectedness of E 1 and E 2 follows from that of E since locally connected morphisms are closed under composition. Since they are also stable under pullback, β 1 and β 2 are locally connected, and so finally E 0 is so. The theorem is now immediate from Theorem 5.6, given the equivalences Π c 1 (F ) ≃ F lc for the various toposes F in the diagram and the fact that pushouts in Top S are formed by taking pullbacks (in Cat) of the inverse images.
Recall from [25] that, for a localic groupoid G in S , the classifying topos BG of G is the topos of continuous G-sheaves. If both the locale of objects and the locale of morphisms of the localic groupoid G are discrete, then we may regard G as a groupoid in S , and then BG is just the topos of (internal) presheaves on G.
For a general locally connected topos E , the fundamental groupoid topos Π c 1 (E ) constructed in [8] has the form BG for a localic groupoid G which is fully prodiscrete, in the sense that it is the limit of an inversely filtered system of discrete groupoids and surjective groupoid homomorphisms. This localic groupoid represents first-degree cohomology of E with coefficients in discrete groups [8] and so is called the fundamental groupoid of E . Theorem 6.3 is stated in terms of the fundamental groupoid topos Π c 1 (E ); we shall now reformulate it in terms of the fundamental groupoid.
We continue to restrict ourselves to the locally simply connected case. Then the fundamental groupoid will be discrete, and can be constructed as follows; for further details see [10] . By Lemma 6.2, there is a locally constant object U of global support which splits all the locally constant objects. Henceforth we call such an object a universal covering; for a justification of this terminology, see [10] . The object U determines a groupoid
in E , and although e ! does not preserve pullbacks in general, it is nonetheless the case that the image
is itself a groupoid, which we call π c 1 (E , U ). Then B(π c 1 (E , U )) is equivalent to Π c 1 (E ), thus π c 1 (E , U ) depends on U only up to Morita equivalence. The groupoid π c 1 (E , U ) is also the Galois groupoid of the adjunction e ! ⊣ e * , in the sense of Janelidze [22, 5] ; once again, see [10] for further details.
To describe the functoriality of π c 1 (E , U ) we introduce a 2-category LSCTop S of locally simply connected toposes, as follows; unlike LTop S , it is not a full sub-2-category of Top S . An object of LSCTop S is a locally connected topos E equipped with a universal covering U . A morphism (E , U ) → (F , V ) is a morphism ϕ : E → F in Top S equipped with a morphism s :
, and sending (ϕ, s) to (Π c 1 (ϕ), s). On the other hand, we may regard the construction BG for a groupoid G in S as being part of a pseudofunctor B + : Gpd(S ) → LSCTop S sending G to (BG, U ) where U is the "codomain map" c : G 1 → G 0 , equipped with its canonical action. This is clearly pseudofunctorial, and Corollary 5.6 of [9] can be seen as asserting, among other things, that B + : Gpd(S ) → LSCTop S is fully faithful. Since Π c 1 : LSCTop S → LSCTop S lands in the image of B + , there is an induced pseudofunctor π c 1 : LSCTop S → Gpd(S ). More explicitly, given (ϕ, s) : (E , U ) → (F , V ) in LSCTop S , the map s : U → ϕ * V induces a maps : e ! U → f ! V , which is the object-part of the functor π c 1 (ϕ, s); the remaining data can be described similarly. Since any two (ϕ, s) and (ϕ, s ′ ) in LSCTop S with the same ϕ are isomorphic, π c 1 (ϕ, s) depends on s only up to isomorphism, and we shall usually omit the s from the notation and write simply π c 1 (ϕ). On the other hand we shall retain the U in π c 1 (E , U ). If U and V are different universal coverings, then π c 1 (E , U ) and π c 1 (E , V ) will be Morita equivalent; they will in fact be equivalent if there exist (arbitrary) maps U → V and V → U . They will always be equivalent if S is the category of sets, since then Morita equivalence of groupoids is just equivalence.
Remark 6.4
We have seen that for any locally connected and locally simply connected topos E , there exists a universal covering U , and so an object (E , U ) in LSCTop S . Moreover, if F is locally connected and ϕ : E → F a locally connected surjection, then ϕ ! U is a universal covering in F , so that we have (ϕ, η) : (E , U ) → (F , ϕ ! U ) in LSCTop S , where η : U → ϕ * ϕ ! U is the component at U of the unit of the adjunction ϕ ! ⊣ ϕ * . More generally, if (E , U ) and (F , V ) are in LSCTop S , and ϕ : E → F is any locally connected morphism, not necessarily surjective, then we may replace V by V + ϕ ! U , and let s : U → ϕ * (V + ϕ ! U ) be defined using the unit of ϕ ! ⊣ ϕ * and the coproduct injection, and now (F , V + ϕ ! U ) is an object, and (ϕ, s) :
Theorem 6.5 In the context of Theorem 6.3, let U 0 , U 1 , and U 2 be universal coverings of E 0 , E 1 , and E 2 . Let s 1 :
, and let r 1 : U 1 → α * 1 U and r 2 : U 2 → α * 2 U be the maps arising, as in the previous remark, from the fact that E 1 + E 2 → E is a locally connected surjection. Then the diagram
O O is a pushout in Gpd(S ).
Proof: The proof is based on the observation that a diagram
in LSCTop S with α 1 and α 2 locally connected will be a pushout provided that it is a pushout at the level of underlying toposes and U , r 1 , and r 2 are obtained from U 1 and U 2 as in the statement of the theorem.
If we apply Π c 1 : LSCTop S → LSCTop S to this diagram these conditions will still apply, by Theorem 6.3, and so we obtain a pushout in LSCTop S . Now Π c 1 : LSCTop S → LSCTop S is given by π c 1 followed by B + , and B + is fully faithful, so reflects colimits, thus π c 1 preserves the pushout.
Remark 6.6 Under the stronger assumption that all four toposes are connected and locally path simply connected in the sense of [14] , there is also a van Kampen theorem involving the path fundamental groupoid toposes of [30] , since in this case there is, as shown in [14] , a canonical equivalence between the path fundamental groupoid topos and the fundamental groupoid topos defined above.
Applications of the van Kampen theorems to branched coverings
We say that a topos E is simply connected if every locally constant object is constant, in the sense that it has the form e * I for some object I of S . Such a topos is obviously locally simply connected; if it is also locally connected then its fundamental groupoid topos Π c 1 (E ) is just S .
Corollary 7.1 In the setting of Theorem 6.5:
(ii) if E 2 is simply connected then π c 1 (α 1 ) is the cokernel of π c 1 (β 1 ) in the sense that π c 1 (α 1 )π c 1 (β 1 ) is (isomorphic to) a constant functor, and π c 1 (α 1 ) is universal among functors with this property.
The corollary gives two typical applications of the van Kampen theorems in topology. In particular, there is a connection between part (ii) and the use of the automorphism groups of a (universal) branched covering in the calculation of knot groups, as advocated by Fox [19] . The basis for such a proposal, which would give a topological rather than a combinatorial invariant of the knot, is the existence, shown in [19] , of a spread completion. In topos theory, spreads and their completions were introduced and studied in [11, 12] , and branched coverings were dealt with in [15] and [20] . We recall the notions of coverings and branched coverings before turning to an interpretation of Corollary 7.1 (ii).
For the remainder of the paper we consider a locally connected and locally simply connected topos E bounded over S , and a subobject Y of 1 in E . We write i : E /Y → E for the induced inclusion of toposes. We freely use terminology and results from [11, 12, 15, 20] .
The (not necessarily surjective) coverings of E are defined in terms of the notion of locally constant object given in Section 5. A geometric morphism ψ : F → E is a covering if F has the form E /Z for a locally constant object Z and the inverse image of ψ is − × Z : E → E /Z. We write C(E ) for the evident full sub-2-category of Top S /E consisting of the coverings. To give a morphism ϕ : E /X → E /Y over E is just to give a map f : X → Y in E ; we then write ϕ f for ϕ. Given f, g : X → Y , there is a (necessarily unique) natural transformation ϕ f → ϕ g over E if and only if f = g. Thus the 2-category C(E ) is biequivalent to the category E lc of locally constant objects of E , where E lc is regarded as a 2-category with no non-identity 2-cells. Since E is assumed locally simply connected, E lc is the fundamental groupoid topos Π c 1 (E ), and so C(E ) is (biequivalent to) the atomic topos Π c 1 (E ). A (not necessarily surjective) branched covering of E with non-singular (or unbranched) part i : E /Y → E is a complete spread ϕ : D → E whose pullback along i : E /Y → E is a covering ψ : E /X → E /Y with the further property that ϕ is the spread completion of iψ : E /X → E . This is summarized in the diagram
It turns out that π is pure and that all these toposes are locally connected. In fact if ϕ is any complete spread which is the spread completion of iψ : E /X → E for some covering ψ : E /X → E /Y , then ψ is the pullback along i of ϕ, and so ϕ is a branched covering. There is an evident 2-category BC Y (E ) of branched coverings of E with non-singular part i : E /Y → E : an object is such a branched covering ϕ : D → E , a morphism is a geometric morphism over E (which automatically restricts to give a morphism between the corresponding coverings of E /Y ), and so on. We can now pass back and forth between branched coverings of E and coverings of E /Y : on the one hand by pulling back a branched covering of E along i : E /Y → E ; and on the other hand by associating to a covering ψ : E /X → E /Y the spread completion of iψ. The 2-dimensional aspects of this correspondence (see [13, Remark 2.14] ) may now be used to provide a biequivalence of 2-categories BC Y (E ) ∼ C(E /Y ).
We may now deduce:
Proposition 7.2 BC Y (E ) is biequivalent to the atomic topos Π c 1 (E /Y ).
The following result is the analogue of the theorem in Section 7 of [19] , shown therein for locally finite complexes. The intuition is that K is a knot embedded in E , with complement i : E /Y → E . Then the fundamental groupoid π c 1 (E /Y ) should be thought of as the knot groupoid G(K) of K in E . The result itself is just a reinterpretation of Corollary 7.1 (ii), and may be seen as asserting that C(E ) is a quotient of BC Y (E ). 
